Introduction {#Sec1}
============

Cosmological observations now convincingly show that the expansion of the Universe is accelerating \[[@CR1]--[@CR4]\]. One of the possible explanations of this empirical fact is that the energy density of the Universe is dominated by the so-called *dark energy* (DE) \[[@CR5], [@CR6]\], a component with effective negative pressure.

The simplest DE candidate is a time-independent cosmological constant $\documentclass[12pt]{minimal}
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                \begin{document}$$\Lambda $$\end{document}$CDM model, is considered to be a *concordance* model. This simple model, however, suffers from fine tuning and coincidence problems \[[@CR7], [@CR8]\]. In the attempt of constructing a more natural model of DE many alternative scenarios have been proposed \[[@CR9]--[@CR15]\].

One of the alternatives to a cosmological constant are the models of a dynamical scalar field. In these models a spatially uniform cosmological scalar field, slowly rolling down its almost flat self-interaction potential, plays the role of a time-dependent cosmological constant. This family of models avoid the fine tuning problem, having a more natural explanation for the observed low energy scale of DE \[[@CR17], [@CR18], [@CR39]--[@CR41]\]. For the scalar field models (the so-called $\documentclass[12pt]{minimal}
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                \begin{document}$$P_\phi $$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho _\phi $$\end{document}$ the pressure and energy density of the scalar field) is time dependent, $\documentclass[12pt]{minimal}
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                \begin{document}$$w= w(t)$$\end{document}$, and unlike the cosmological constant, $\documentclass[12pt]{minimal}
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                \begin{document}$$ w (t) \ne -1$$\end{document}$, although at late-times it approaches $\documentclass[12pt]{minimal}
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                \begin{document}$$-1$$\end{document}$. When the scalar field energy density starts to dominate the energy budget of the Universe, the Universe expansion starts to accelerate \[[@CR19], [@CR20]\]. Even though at low redshifts the predictions of the model are very close to the ones of the cosmological constant, the two models ($\documentclass[12pt]{minimal}
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                \begin{document}$$\Lambda $$\end{document}$CDM and the dynamical DE model) predict different observables over a wide range of redshifts.

The scalar field models can be classified via their effective equation of state parameter. The models with $\documentclass[12pt]{minimal}
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                \begin{document}$$ -1<w<-{1}/{3}$$\end{document}$ are referred to as quintessence models, while the models with $\documentclass[12pt]{minimal}
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                \begin{document}$$w<-1$$\end{document}$ are referred to as phantom models. The quintessence models can be divided in two broad classes: tracking quintessence, in which the evolution of the scalar field is slow, and thawing quintessence, in which the evolution is fast compared to the Hubble expansion \[[@CR21]--[@CR24]\].

In tracking models the scalar field exhibits tracking solutions in which the energy density of the scalar field scales as the dominant component at the time; therefore the DE is subdominant but closely tracks first the radiation and then matter for most of the cosmic evolution. At some point in the matter domination epoch the scalar field becomes dominant, which results in its effective negative pressure and accelerated expansion \[[@CR25], [@CR26]\]. The simplest example of such a model is provided by a scalar field with an inverse-power-law potential energy density $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha >0$$\end{document}$ \[[@CR27]\], the so-called *Ratra--Peebles* model.

The scalar field models predict a different background expansion history and a growth rate compared to the cosmological constant model ones. Thus the scalar field model can be distinguished from the $\documentclass[12pt]{minimal}
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                \begin{document}$$\Lambda $$\end{document}$CDM model through high precision measurements of distances and growth rates over a wide redshift range \[[@CR28]--[@CR38]\].

In this paper we study generic predictions of slowly rolling scalar field models by taking the Ratra--Peebles model as a representative example. We present a self-consistent and effective way of solving the joint equations for the background expansion and the growth rate. We use a compilation of recent growth rate and baryon acoustic oscillation (BAO) peak measurements to put constraints on the parameter $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha $$\end{document}$ describing the steepness of the scalar field's potential.

This paper is organized as follows. In Sect. [2](#Sec2){ref-type="sec"} we investigate in detail the dynamics and the energy of the $\documentclass[12pt]{minimal}
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                \begin{document}$$\phi $$\end{document}$CDM models on the growth factor of matter density perturbations. In Sect. [4](#Sec8){ref-type="sec"} a comparison is presented of the obtained theoretical results with observational data. We discuss our results and conclude in Sect. [5](#Sec9){ref-type="sec"}. We use the natural units with $\documentclass[12pt]{minimal}
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==================================================================

Background equations {#Sec3}
--------------------

We assume the presence of a self-interacting scalar field $\documentclass[12pt]{minimal}
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                \begin{document}$$\phi $$\end{document}$ minimally coupled to gravity on cosmological scales. The action of this scalar field is given by$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} S=\frac{M_\mathrm{pl}^2}{16\pi }\int {\mathrm{d}^{4}x\left[ \sqrt{-g}\left( \frac{1}{2}g^{\mu \nu }\partial _\mu \phi \partial _\nu \phi - V(\phi )\right) \right] }, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$G$$\end{document}$ being the Newtonian gravitational constant; $\documentclass[12pt]{minimal}
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                \begin{document}$$V(\phi )$$\end{document}$ is the field's potential. Note that in this presentation the scalar field $\documentclass[12pt]{minimal}
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                \begin{document}$$\phi $$\end{document}$ is dimensionless, and the potential $\documentclass[12pt]{minimal}
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                \begin{document}$$V(\phi )$$\end{document}$ has the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M_\mathrm{pl}^2$$\end{document}$ dimension. Following \[[@CR27]\] we will assume that the self-interacting potential has a power-law functional form:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha >0$$\end{document}$ is a model parameter that determines the steepness of the scalar field potential. Compliance with current observational data requires $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha \le 0.7$$\end{document}$ \[[@CR39]--[@CR41]\]. The larger value of $\documentclass[12pt]{minimal}
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                \begin{document}$$\kappa >0$$\end{document}$ is a positive dimensionless constant which is related to $\documentclass[12pt]{minimal}
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We assume the flat and isotropic Universe that is described by the standard Friedmann--Lemaître--Robertson--Walker homogeneous cosmological spacetime model (FLRW) $\documentclass[12pt]{minimal}
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                \begin{document}$$ \mathrm{d}s^2=-\mathrm{d}t^2+a(t)^2\mathrm{d}\mathbf{x}^2$$\end{document}$, and we normalize the scale factor to be equal to 1 at present time, $\documentclass[12pt]{minimal}
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                \begin{document}$$a_\mathrm{today}=a_0=1$$\end{document}$, i.e. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a=1/(1+z)$$\end{document}$, where *z* is the redshift.

Using the action for the scalar field, Eq. ([1](#Equ1){ref-type=""}), we obtain the Klein--Gordon equation (equation of motion) for the scalar field$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \ddot{\phi }+3H{\dot{\phi }}+\frac{\partial V(\phi )}{\partial \phi }=0, \end{aligned}$$\end{document}$$where an over-dot represents the derivative with the respect of physical time $\documentclass[12pt]{minimal}
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The flatness of the Universe requires that the total energy density of the Universe is equal to the critical energy density, i.e. $\documentclass[12pt]{minimal}
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                \begin{document}$$\Omega _i = \rho _i/\rho _\mathrm{cr}$$\end{document}$ (where the index $\documentclass[12pt]{minimal}
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                \begin{document}$$i$$\end{document}$ denotes the individual components, such as radiation, matter or the scalar field).

The energy density and pressure of the scalar field are given by$$\documentclass[12pt]{minimal}
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                \begin{document}$$w_\mathrm{today} \simeq -1$$\end{document}$ imposes the constraint $\documentclass[12pt]{minimal}
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The first Friedmann equation implies$$\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Omega _{r0}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Omega _{m0}$$\end{document}$ are the radiation and matter (including all non-relativistic components, except neutrinos, which were relativistic at the early stages) density parameters today, while $\documentclass[12pt]{minimal}
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                \begin{document}$$\Omega _{\phi 0}$$\end{document}$ are the current energy density parameters for neutrinos and the scalar field, respectively. Since in the standard cosmological scenario the neutrino density is believed to be negligible compared to the matter and DE densities at low redshifts, we will ignore this component in our computations from now on (as well we neglect the radiation contribution to today's energy density).

### Initial conditions {#Sec4}

We integrate the set of equations Eqs. ([3](#Equ3){ref-type=""}) and ([6](#Equ6){ref-type=""}) numerically, starting from a very early moment $\documentclass[12pt]{minimal}
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                \begin{document}$$a_0=1$$\end{document}$. For the scalar field we assume the following initial conditions:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$a(t) \propto t^{1/2}$$\end{document}$ as consistent with a radiation dominated epoch. These initial conditions were derived from Eq. ([3](#Equ3){ref-type=""}) (for details see Appendix [A](#Sec10){ref-type="sec"}). We fix the values of the parameters, $\documentclass[12pt]{minimal}
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Growth factor of matter density perturbations in dark energy models {#Sec6}
===================================================================

We use the linear perturbation equations for matter overdensities \[[@CR47], [@CR48]\] to describe the evolution of small overdensities in a homogeneous expanding Universe,$$\documentclass[12pt]{minimal}
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The results of computations of the growth factor of matter density perturbations in $\documentclass[12pt]{minimal}
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------------------------------------------------------------------------------------------------------------------

We present the solutions of the growth Eq. ([10](#Equ10){ref-type=""}) in RP models on Fig. [5](#Fig5){ref-type="fig"}.Fig. 5On the *top panel* is shown the linear growth as $\documentclass[12pt]{minimal}
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We have checked that the power-law approximation Eq. ([11](#Equ11){ref-type=""}) works well for the scalar field DE. The effective value of the growth index $\documentclass[12pt]{minimal}
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                \begin{document}$$\phi $$\end{document}$CDM model. On the *top panel* are shown the constraints we obtained from the growth rate data \[[@CR59]\]. On the *bottom panel* are shown the constraints, obtained after adding BAO measurements and CMB distance prior as in \[[@CR60]\] for the BAO/CMB distance prior

Comparison with observations {#Sec8}
============================
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For the rest of this section we will concentrate specifically on the discriminative power of the growth rate and BAO measurements from galaxy surveys. For simplicity we will assume that the spatial curvature is known precisely and $\documentclass[12pt]{minimal}
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Discussion and conclusions {#Sec9}
==========================

We explored observable predictions of the scalar field DE model. We showed that the model differs from $\documentclass[12pt]{minimal}
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We used a compilation of BAO, growth rate, and the distance prior from the CMB to constrain the model parameters of the scalar field model. We find that if only the growth rate data is used there is a strong degeneracy between $\documentclass[12pt]{minimal}
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In the appendix we calculate the $\documentclass[12pt]{minimal}
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